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The definition of filtration resistance is modified by considering relative solid-liquid velocity.
The internal flow mechanism in a filter cake is reexamined in view of the movement of
solids during compression. Under conditions of short filtrations involving highly concentrated
slurries, the velocity of solids is shown to be comparable to the velocity of the liquid. A
differential equation is proposed for the flow through compressible cakes in which the pressure
gradient is assumed proportional to the difference in average velocities of the liquid and

solid rather than to the average velocity of the liquid alone.

An improved definition of the average filtration resistance is developed on the basis of the

new flow equation.

Development of filtration theory in recent years has
been based upon differential equations involving local
flow resistances and variable flow rates. The local filtra-
tion resistances have been related to experimental values
of compressive pressure by means of the compression-
permeability cell as designed by Carman (1) and Ruth
(7). Recent work by Tiller and co-workers (13 to 15)
has led to a better understanding of the internal flow
mechanism. Tiller and Cooper (13) developed a differen-
tial equation involving a variable fluid flow rate g,. How-
ever, they failed to recognize that the movement of the
solids was such that the solid velocity could not always
be assumed to have a value of zero. This paper demon-
strates how the basic flow equation can be modified to
take into account the average liquid velocity relative to
the average solid velocity.

In Figure 1, a schematic diagram of a cake is shown.
As the cake is compressed, the porosity decreases with
time at a given distance, x, from the medium. Decrease
in porosity is caused by solid flowing into the voids as
the cake compresses. The compressive, squeezing action
causes the flow rate of the liquid to increase as the
medium is approached (5, 9, 10, 13 to 15).

In Figure 2, plots of the porosity e; vs. x are shown
in relation to cake thickness L at time 8 and (L + dL)
at time (6 + d@). The liquid volume squeezed out from
the cake during time dé is represented by the area MBE,
the liquid volume added to the cake by ABED, and the
net solid volume is MBCFE. The liquid volume squeezed
out of the cake exactly equals the displaced liquid.

Variable flow rates of liquid and solid are of importance
in short filtrations involving concentrated slurries as often
practiced in continuous, vacuum filters and filter presses.
Ordinary filtration equations as used by many investigators
(1, 2,4, 7) can be in error if the slurry is highly concen-
trated. Errors ranging from 5 to 25% may be encountered
if the velocity variations are neglected.

The percentage of voids in filter cakes varies widely.
In some cases a cake will contain less than 59, solids
by volume; while in other cases, it may run as high as
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709 solids. In general for filtration, the slurry must con-
tain less solids than the cake. In fact, the slurry will
have a smaller percentage of solids than the surface of
the cake where the percentage of solids (1/m;) is a
minimum. Thus the slurry concentration s must be less
than 1/m,, if the slurry is not, in fact, a cake. A con-
centrated slurry is one in which s approaches 1/m;. It is
not possible to define a precise limit for concentrated
slurries because of the differences in behavior of differ-
ent materials.

Tiller and Shirato (15) defined a new average filtra-
tion resistance on the basis of variable flow rate through-
out the cake. However, they failed to take the variation
of solid velocity into account. Further modification and
improvement on their methods is made in this paper by
considering the velocity of the liquid relative to the
solids.

BASIC DIFFERENTIAL EQUATION OF FILTRATION
The basic differential equation for filtration has gen-
erally been presented in the form (15).
dPs _ 8e dps
8 don  p(l—e) dx

where p; is the solids compressive pressure and g, is the
apparent flow rate of liquid at a distance x from the
medium as shown in Figure 1. Equation (1) rests upon
the assumption that the liquid moves past stationary solid
particles. The solids move toward the septum as the cake
is compressed during filtration, and it is false to assume
that the solid velocity is zero. As a practical matter the
velocity of the solids is important for highly concentrated
slurries. Equation (1) must be modified where the veloc-
ity of the solids is comparable to the velocity of the liquid.
A concentrated slurry is roughly defined as one in which
the solid content in the slurry contains about 50 to 75%
of the solid concentration at the cake surface (mgs is
greater than 0.5).
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It should be recognized that the internal flow rates of
liquid, g., and solids, r;, are not constant due to the
continuous compression of the cake.

If €, is the porosity at x, the true average velocity of
the liquid is represented by ¢./¢; and the true average
velocity of the solids is given by r:/(1— e;). Therefore
the true average relative velocity, u., of liquid to solids
is represented by

_ qz Ty

€ 1 — e,

(2)

T

Multiplying Equation (2) by the local porosity, e, yields
the apparent relative flow rate of liquid to solids based
upon unit cross-sectional area

€

€xlly = (y— Ty = (e — €4l (3)

1— e,
where e; is the local void ratio. Replacing the flow rate
of the liquid by the flow rate relative to the solids in
Equation (1) leads to

dp, g  dps

& o p(l—e) d=

When flow takes place through a fixed, compressible bed

in which the solids are not moving, r; is zero and g, is

constant (although the average liquid velocity q./e; may
vary).

= —I"‘az(qx—exrx) (4)

DIFFERENTIAL EQUATIONS FOR q. AND r; VARIATION

The basic differential equation relating the change in
flow rate to the time rate of change of porosity has been
presented in the form (13) of the equality of the first
two terms in Equation (5).

0 i} 0
(%), -Go). --(%), »
X a0 /¢ ax
It will now be demonstrated that the last term in Equa-
tion (5) is valid. The total mass of dry solids per unit

area between the septum (x = 0) and a distance x is

given by

Wy = ps j;x (1 —e) dx (6)

As the average porosity in the distance zero to x de-
creases, solids must flow past the point x to replace the
displaced liquid. A material balance over the cake from
zero to x yields

q, 9 | rrowraTe 9 9%
~ <= oFuaQup |
Ll
0.°0¢° ! MicraTion RatE_*{ ©
\'_r,=o o Tl |oFsouos 1] T
\ o@® o, (gf® e ° °
Qe AK o °
® o CAE_|q e @] SLURRY
&;_\_O__,A/—\_
L, €,=€; | €4 €y = €| | =POROSITY
= = =HYDRAULIC
=P Px Py=P PRESSURE
Ps=P-P,| P, s=0 |=comPRESSIVE
PRESSURE
X dx —
L

Fig. 1. Schematic diagram of cake.
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Fig. 2. Porosity vs. distance.

6wm) “’(6%)
sty = = — pPs d 7
ot (ae . P J:, L (7

provided there is no solids loss at the septum. The value
of r, gives the net flow of solids into the given volume.
If there is loss of solid through the septum (cloudy fil-
trate), then Equation (7) would not be valid. Differen-
tiating Equation (7) with respect to x gives

oy ) ( ae,)
S—— = 8
( ox /° a9 /= (8)
thereby confirming Equation (5). Equation (5) leads
to

dgy 4+ dr, =0 (9)

which could be developed directly by considering the
displacement of liquid by the moving solids. Integration
of Equation (9) yields g, + r; = constant; and evalua-
tion of the constant at x = 0 where r, = 0 and ¢, = ¢q;
produces

ge + e = q1 (10)

Equations (8) and (10) clearly indicate that variations
in q, are accompanied by corresponding variations in r.
Tiller and Shirato (14, 15) utilized g, variation in their
works but failed to recognize that r, variations were of
equal importance. Their previous results will be modified.

Values of gz and rp at x = L

It is necessary to have formulae for the rate of flow
g; of the liquid and 7; of the solids at the interface of the
cake and slurry. Material balances over a differential in-
crease in thickness dL of the cake yield equations leading
to values of g; and ;. Tiller and Cooper (13) derived an
incorrect expression for ¢i/q; which was later corrected
(15).

For constant pressure filtration with negligible medium
resistance in which the average porosity remains constant
(dm/d8 = 0) (13, 15), it has been shown that the flow
rate gy at the medium is given by

At the cake surface where fresh solids are deposited, the
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apparent flow rate® ¢, of liquid and , of solids approach-
ing the cake surface may be presented as:

1—s dw
Go = rye (12')
ps  db
1
1‘O:_d_w (13)
ps do )

Since ¢, and 1, refer to conditions approaching to the
cake surface, the sum of g, and r, does not equal g¢; as
indicated by Equation (10). If ¢ denotes the porosity
in an infinitesimal surface layer of cake dL deposited in
time d@, the solid volume which remains in the surface
layer equals (1 — ¢)dL. Then one gets the apparent rate
of flow of solids r; at the cake surface as

dL
das
Since w = ps(1 — €ave.)L and e,yg, is assumed constant,

it is possible to eliminate L in Equation (14) and com-
bine with Equation (13) to give

1 [ € — €uvg. ] dw
1p=—) ——— —
Ps de

Dividing Equation (15) by (11) yields

1=1o—(1—¢«)

(14)

(15)

11— €avg.

(€ — eavg.) (m—1)

€ave. (1 — ms)

T pPS (— favg.)

q1 Ps(l_eavg.)(l'—’ms)

_ Ps(fi”_ €avg.) (16)
ps(1 ~_ﬁavg.) —s[ps(1— Eavg.) + peave. ]

If the cake is uniform ¢ = eavg, or s = 0, then /g1 = 0.
Previous derivations given in an erratum (I5) to reference
13 report gi/q, in the form

qi (ei— €avg.) (m—1) s

UL
q1 favg.(l_ ms) 1y
PS(Ei_ Eavg.) ¢

ps{1— €avg.) — 5 [ps(1— €ave.) + peavg.]

=1— (17)
Variations of r, and g, with distance x

Tiller and Shirato (15) showed that it was possible to
assume ¢; = f(x/L) for constant pressure filtration with
negligible medium resistance. Cake thickness L is a func-
tion of ¢. Differentiating e; = f(x/L) with respect to time

yields Frx
( Oy ) - de; d(x/L) o X dexz dL (18)
89 /x  d(x/L) d8 L2 d(x/L) dé

Substituting Equation (18) into (7) and changing the
limits from (0, x) to (e1, €z) gives

dL ‘x( x )
PRt _ 1
2 36 Ve, T de; (19)
The value of r; is obtained when e, = ¢. Solving for

/13 gives

I (/L) des

Tz _ €1 _ (ex — €ave.x) _7_5 (20)
7; € (‘i _ €avg.) L
‘£1 (x/L) de,

where €ayg o is the average value of e, between zero and «.
When /L = 1, ¢, = ¢ and r./r; = 1; and when x/L
= 0, & = & and 15/r; = 0. Multiplying Equation (20)

# It should be noted that both qo and re are velocities relative to the
cake surface and do not mean the velocities with reference to any fixed
coordinate or to the medium.
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by (16) yields
Tz (m—1)s x
e e e ————— x — €avg.x/ T 2]‘
q1 €zlvg.(l_"n's') (€ favs )L ( )

The apparent relative velocity of the liquid with re-
spect to the solids divided by g is given by

qe— €alz %(1 + ez) ——€zq1
[#51 qi

At the medium where 1, = 0, the expression in Equation
(22) is unity; and at the surface of the cake equals

(22)

i — el 1— m;s
! q - 1—ms (23)
1 —

VARIATION OF p,/p AND DEFINITION OF
AVERAGE FILTRATION RESISTANCE

Integrating the basic differential equation [Equation
(4)] through cake thickness x and the total thickness L
and combining the results yields
Pa

) f:/L[( ‘(7; ) (1+ ex) —ex] az(1—¢;) d(x/L)

p f:[( Zj ) (1+ ex) —ex] o (l—¢) d(xz:i)

A similar derivation in which 7, was neglected can be
found in reference 15. In deriving Equation  (24) the
filter medium resistance was neglected. The hydraulic
pressure variation (p./p) vs. (x/L) can be obtained by
utilizing Equation (24) in connection with compression-
permeability experiments.

A new definition of average filtration resistance results
when Equation (4) is utilized instead of Equation (1).
The average filtration resistance « is generally given by

_dv gelp—p) _ gp
= Eé— o potd - p.(aw + Ru) (25)

where gcpy = pqi1R,. Employing the first and last terms
in Equation (4) and integrating across the entire cake
yields

.[,w (qz — egry) dwy = ge j: _‘_lp_’”:&_fp"’l ilgs—_

d ax p 0 ay
(26)
The medium resistance is not neglected in Equation (26),
and it is assumed that dp, = —dp, and p, + p; = p. The
first term in Equation (26) can be multiplied and divided
by q,w to give '

J;w(qx*—exrx)dw,= quw J:( = _, T ) d(w"‘ )

q q1 w
(27)

Solving for a in Equation (25) and substituting ¢;w from
Equation (27) leads to

— 1
a:gc(P P1)=J‘<qx_ex7‘x)d(’UJ1)
nqLw °Nq g1 w
P— P

(2% ]

(28)

The value in brackets equals the conventional filtration
resistance ag as defined by Carman (I) and Ruth (7).
Equation (28) may be written as
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P—pm

oy

a=]r = Jrar

(29)

where Jg is the correction factor for ag. For computational
purposes Jr can be placed in the form

= J[1-femein e ()] e (£2)
(30)

As previously reported by Tiller and Shirato (14, 15),
ar is theoretically the average specific resistance of a com-
pressible bed with the slurry concentration equal to zero.
If s were actually zero, there would be no additional
solids deposited. In practice, ar is a good approximation
of the average filtration resistance when the slurry is di-
lute. While too little information is available to generalize,
it is probable that the effect of the solid movement can be
neglected when the ratio of the fraction of solids in the
slurry to the fraction in the surface layer of the cake is less
than 0.5.

POROSITY AND FLOW VARIATIONS
AS FUNCTIONS OF x/L

In Figure 3 calculations based on the equation of this
paper illustrate the variations of (q./q1), (r2/q1), and
(esrz/q1) with (w./w). Figure 3a corresponds to the case
in which a slurry has a concentration less than its maxi-
mum possible value of 1/m;. The value m; is the ratio of
the mass of wet cake to the mass of dry cake in an in-
finitesimal surface layer. The reciprocal of m; is simply the
fraction of dry solids in the surface layer. When s = 1/m;,
the slurry reaches a solid state, and it is assumed that
lower values of s will normally be encountered. Figure
3b corresponds to the case in which s = 1/m;.

When s = 1/m;, Equation (17) vyields a value of
qi/qi =¢, and r/q,=1—¢. The relative velocity
(q; — em;) at the cake surface is equal to zero. Therefore
at the limiting condition for s =1/m;, the liquid and solid
are moving with same velocities at the cake surface.

The difterence between (g./q1) and (e.,r+/q:) repre-
sents the average relative velocity. The hatched area
equals the value of Ji as defined by Equations (28), (29),
and (30). The value of Ji is at its minimum in the case
illustrated in Figure 8b, and Jr becomes unity when s = 0.

Calculations of rigorous internal flow variation based
upon the equations in this paper require accurate data
for filtration resistance as obtained from a compression-
permeability cell in the form of «. and e, as a function of
the applied compressive pressure ps. In the compression-
permeability cell, there is an appreciable side friction
between the wall and the cake. Most data found in the
literature (I to 4, 6 to 8, 12) have not taken wall friction

1.0 1.0

€

(o]
(W, /W) (w, /W)
(A) s< |/m; (B) s =suax=1/m;
Fig. 3. q2/qy, r+/q1 and e ro/q1 vs. wo/w.
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Fig. 4. qx/q1, r:/q1, and ex-rz/qy vs. wo/w (slurry for :gnition plug).

into account and consequently do not yield strictly ac-
curate values. The friction results in a portion of the
applied load being absorbed in the wall with resulting
lower average compressive pressure than the applied load
at the top. Taylor (11) made a theoretical analysis of the
load variation with depth on the basis of a simplified
model. Calculations in the paper are based upon raw data
obtained from compression-permeability cells. Further
work needs to be done to relate wall friction to com-
pression-permeability cell data.

Using raw porosity-pressure data obtained from a
compression permeability cell and hydraulic pressure
variation data (6, 8, 15) from actual cakes with tubes
connected to air-sealed capillary manometers, values of
(G2/q1), (r2/q1) and (esr2/qq) were calculated for various
slurry concentrations for ignition (spark) plug (alumina
and clay) and cement material in Figures 4 and 5. The
a;ea between the g./q and e.r2/q; curves gives the value
0. ] R

It is apparent from Equation (30) that Jr depends
upon filtration pressure and slurry concentration. While
the pressure has relatively little effect, the value of Jr
may change markedly for concentrated slurries of moder-
ately compressible materials as illustrated in Figures 6
and 7. For ignition plug (alumina and clay) slurry filtered
at 72.0 Ibs/sq.in., the value of Jg is about 0.835 which is
much smaller than the value reported by Tiller and Shirato
(14,15) on the basis of zero solid velocity.

CONCLUSION
It has been shown that the velocity of the solids may be

[Ke) T ;
1 I
9,/9,,5:02" I 4,/9, 802 ~—" 7>
=04 =04 — 7
. { =055 — s e e 2088 o e
| =08I85 ‘ =05185 ~J‘
|

0.8

g | |
Y - : Lo 8i2083 €i=063
o CEMENT MATERIAL (2) | CEMENT MATERIAL (2 |
& p=14.2 LBS/IN® p= 128 LBS/IN?

_ 04— : i — e—
o ! ! i ‘ \
~

%
o

o
o

e,r,/q,,8=0.6185 8,1 /q;,5=06185 ——
=0.55 =055 —\©
. W P =t = N0
| =04 f 204 - <
i =02 ! ron NN
| ‘ ' —
) |

o 0.2 0.4 06 [oX:] 1.0 0 0.2 04 3.6 o8 1.0

w,/W W, /W

Fig. 5. 9z/q1 and ez r:/q1 vs. wo/w [slurry for cement material (2)].
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important in certain: types of filter operations with con-
centrated slurries, A new definition of average filtration
resistance should be more realistic than previous definitions
which neglected movement of the solids.
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NOTATION
e; = value of ¢; in infinitesimal surface layer of cake,
dimensionless
e. = local value of voidage, €./ (1 — ¢;), dimensionless
gc = conversion factor, poundal/pound force
] = correction factor previously defined by Tiller and
Shirato (15), dimensionless
Jr = correction factor for the conventional Ruth’s
value ag, dimensionless
L = total cake thickness, ft.
.m = ratio of mass of wet to dry cake, dimensionless
m; = value of m in infinitesimal surface layer of cake,
dimensionless
p = applied filtration pressure, lb.-force/sq.ft.
ps = cake compressive pressure at distance x from the
medium, Ib.-force/sq.ft.
pz = hydraulic pressure at distance x from the medium,
Ib.-force/sq.ft.
p1 = hydraulic pressure at the interface of medium and
cake, Ib.-force/sq.ft.
gi = value of g in infinitesimal surface layer of cake,
cuft./(sq.ft.) (sec.)
g. = apparent flow rate of liquid at distance x from
the medium, cu.ft./ (sq.ft.) (sec.)
go = apparent rate of liquid flow approaching to cake
surface, cu.ft./ (sq.ft.) (sec.)
g1 = value of ¢, at the interface of medium and cake,
cuft./ (sq.ft.) (sec.)
1; = value of r, in infinitesimal surface layer of cake,
cuft./ (sq.ft.) (sec.)
Ty = apparent migration rate of solids at distance x
from the medium, cu.ft./ (sq.ft.) (sec.)
7, = apparent rate of solid flow approaching to cake
surface, cu.ft./ (sq.ft.) (sec.)
L = value of 7, at the interface of medium and cake,
cuft./ (sq.ft.) (sec.)
1.00
Lan |
1 o095
-
a 0.90
0
-
0.85
IGNITION PLUG | S=!/™
p=72.0 LBs/IN? =0.4767 |
0.80 | ] ]

(0] 0.1 0.2 0.3 0.4 0.5
s [—]

Fig. 6. Correction factors Jr and J vs. s (slurry for ignition plug).
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Fig. 7. Jr and J vs. s [slurry for cement material (2)].
s = mass fraction of solids in the slurry, dimensionless
u; = true relative velocity of liquid to solids at dis-
tance x from the medium cu.ft./ (sq.ft.) (sec.)
v = volume of filtrate per unit area, cu.ft./sq.ft.
w = mass of cake solids per unit area, Ib.-mass/sq.tt.
w,; = mass of cake solids per unit area in distance x
from the medium, Ib.-mass/sq.ft.

x = distance from the medium, ft.

Greek Letters

« = average specific filtration resistance, ft./lb.-mass

ag = average specific filtration resistance defined by
Ruth, ft./1b.-mass

ar = local value of specific filtration resistance at cake
pressure ps, ft./Ib.-mass

€ = porosity in infinitesimal surface layer of cake,
dimensionless

€ = local value of porosity at distance x from the
medium, dimensionless

ewvg = average porosity for entire cake, dimensionless

€avgr = average porosity for the portion of cake between
medium and distance x, dimensionless

6 = time, sec.

® = viscosity, Ib.-mass/ (ft.) (sec.)

p = density of liquid, Ib.-mass/cu.ft.

Ps = true density of solids, Ib.-mass/cu.ft.
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